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Abstract—Quantum computing offers immense speedup in approximates quantum effects, but mimics the parallel nature

performing tasks such as data encryption and searching. The of quantum computation more closely than software-based
qguantum algorithms can be modeled using classical computing simulators.

devices, however classical computer simulations cannot deal ¢ ircuit ient fd ibi
efficiently with the parallelism present in quantum algorithms. Quantum circuitsare one convenient way of describing

The quantum circuit model for quantum algorithms is sufficient quantum algorithms. Such circuits comprise of analogues to
to describe the known quantum algorithms. Using analogies digital bits and gates. These components can be emulated
between quantum and digital circuits, we design the emulator of jn existing FPGAs, which can map inherently parallel com-
quantum algorithms in FPGAs that allows efficient experimen-  ational tasks more efficiently than software simulations.
tation with new quantum alg_onthms. This paper concentrates For thi . tigate the desi f t ircuit
on new techniques for modeling quantum circuits, including the or this reason, we invesligate the design of quantum circul
entanglement and probabilistic computing realization, as well as €mulators by classical circuits, and devise an FPGA-based
the critical issues in the required precision of computing. guantum circuit emulator. Using quantum circuit primitives,
the construction of new quantum algorithms becomes intuitive
and similar to the common software library approaches.
There is an increased interest in quantum computing andThe paper is organized as follows. In Section II, we provide
algorithms [5]. Many quantum algorithms outperform theithe background on quantum computation. In Section llI, we
classical counterparts through parallelism that is impossiblegive details of our quantum circuit emulation system, followed
classical computing. Such algorithms use physical effects likg several case studies and performance analysis in Section IV.
entanglement and super-position to achieve the speedup. These
effects are hard to replicate at large scale and lead to reliability
and precision issues, as well as to the need to employ suitablén this section, we provide a brief review of the concepts
quantum measurement procedures [1]. Nevertheless, soménajuantum computing that have implications to the design of
the quantum effects have been successfully used in practigajuantum circuit emulator.
applications such as data encryption and communication [5]. o o )
Further, several quantum-computing systems are being dev®l-Probabilistic vs. Deterministic Computing
oped [7]. IBM has developed a small-scale quantum machineOne of the major distinctions of quantum computing is
that is able to execute the celebrated Shor’s algorithms fikat it is probabilistic and that quantum algorithms have to
factoring numbers. However, creating larger and more practicsdal with the reality of measurement errors. Surprisingly,
guantum computers is still not possible, as knowledge abdhis difference often gets overlooked when modeling quantum
building quantum systems is still in its infancy. To develogircuits and most modeling approaches still try to make the
guantum algorithms, simulation models nevertheless sufficasimulations fit within the deterministic mode of computation.
Feynman noted that a quantum computer can be modeledeterministic circuits present a computation model where
efficiently only by another quantum machine. In absencesults of the computation can be obtained without any mea-
of large-scale quantum machines, quantum algorithms a@rement error. A classical (non-quantum) probabilistic circuit
currently being simulated by classical computers. Modelingns a series of inputs through the network of gates and outputs
of quantum processes in software is the arduous task thathie bits according to the probability distribution induced by the
currently facilitated mostly by quantum computing librariegiven network. Hence, in probabilistic computing the result
[3], [11], [12]. The challenge here comes from the need faf computation cannot be determined correctly every time a
using approximations of quantum processes, as their exawasurement of the result is made. Consequently, there is
representation in classical computing is not possible. Even ayprobability of an error in measuring probabilistic circuit
using approximations, it is estimated that a single simulatiautputs, and the computation has to be performed a sufficient
run over a 20-bit quantum system requires a day of computingmber of times to make the expected error acceptable. In
time on modern computers [8]. For developing quantum sydys paper, we address both modes of modeling by FPGA
tems, it is advantageous to have a hardware emulator wherulators.

I. INTRODUCTION

Il. BACKGROUND



B. Quantum Information Representation construction of the model does not require significant effort

The second major difference to classical computing arisB@m the developer. The overall design process is illustrated in
from the types of signal values required to perform computing.

While the basic information units for classical circuits are 0 Import quantum
and 1, quantum computing uses complex numbers as bearers of e g

information. Hence, representing a single quantum information
unit might require a large number of classical bits, depending
on the precision required.

More formally, the states of the quantum system belong to
a vector space over complex numbers in which there exists
an inner product of vectors. Such a vector space is usually
referred to as thelilbert Space HFor our purposes, it suffices
to say that the quantum states are depicted as vectors of
complex numbers.

In denoting these vectors, commonly used is the Dirac bra-
ket notation. Elements dfi are "ket” vectors given byz) € Fig. 1. Modeling quantum circuits using the VHDL quantum gate library
H. A corresponding "bra” vectofz| is an element of the o
dual spaced* of all operatorson the vector space that act orf-igure 1. Quantum circuits are constructed from the quantum

Construct quantum circuit
using gates provided

Synthesize circuit on FPGA
for hardware emulation of
the quantum circuit

Simulate circuit using VHDL
simulation tools

vectors and produce scalar values. gate components provided in the library that we have created.
' The correctness of the circuit can be verified either by software
C. Quantum Bits simulation or by FPGA emulation. We thus, have a technique

The basic units of quantum information can be viewed 48r modeling quantum ciruits using VHDL and then synthesiz-
simple two-state systems, such as magnetic spin of plus/mirig the circuit in hardware to achieve the performance needed
one half. The state of a spin is given as a continuous quantieymake the whole process more practical.
represented by two real numbers. It is exactly this continuity We next show how the fundamental constructs of quantum
in spin representation that contributes to the ability of storingircuits and the rules governing quantum computation are
the infinite classical information by a single quantum systersimulated by classical technology.

Quantum bits defined this way are commonly referred to as

qubits Q_ubit_s can t_)e realized by means such as NMR and X e Cimaginary
trap.ped lon |nteraCt|0nS. . Sign Deci_mal N bit Mantissa Sign Deci_mal N bit Mantissa
Binary qubits have twa@omputational base statefenoted Bit | bt Bit | ot
as |0) and [1). Unlike classical bits, quantum bits are in a Ba Baginary
linear superposition of the basis statés and|1). Sé%” Deﬁii{“a' bt Vanicea Ségnn Def,ii["a' bt Manisea
1) = |0) + S[1) @

- Fig. 2. Fixed-point quantum bit representation
wherea and 3 are complex coefficients related as 9 pomnt 4 P

2 2 _ . .
laf® + [B]" = 1. (2) B. Emulation of Pure Quantum Bits

The superposition phenomena, by which the qubits simulta-The quantum bit is implemented using Equation 1. Thus, we
neously exist in state) and|1) is explained by considering need to store the values af and § to describe a qubit. The
la|?> and |3|* as probabilities of being if0) and|1), respec- finite precision description of and 3 introduces imprecision
tively. However, when a measurement is performed on a quldtrors, as quantum gates involve operations like add and
it collapses to either of the two basis states. multiply on o and 3. To keep the size of the quantum circuit
to a manageable proportion, we implement thand 3 using
. . o the fixed point scheme described in Figure 2.

A. Challenges in Emulating Quantum Circuits Each qubit is represented by four fixed point numbers.

Emulation of quantum circuits requires mapping concepihe fixed point scheme was chosen over the floating point
from quantum physics to classical technologies. The main goapresentations because and 8 can have a decimal part
is to simulate quantum computation in a way that is mo@ 0 or 1 only. Having the exponent field in the number
flexible and efficient than software simulators. As most quarepresentation (as in floating point arithmetic) does not bring
tum algorithms require an exponential amount of resourcbsenefits in this case. Regarding the precision, the emulator
when simulated by classical technology, resource managemieas been designed in a modular way - changing the size of
is a key design issue. The second goal is to emulate tiwe fractional part is achieved without any modifications to
parallelism in quantum computing using FPGAs. Finally, ihe other components of the system. This is an advantage
is desired that the modeling tool be simple to use and that e experiments dealing with precision and fault-tolerance of

Il1. FPGA QUANTUM CIRCUIT EMULATOR



guantum algorithms and it incorporates the ideas of quantwas the absolute difference between the true and discretized
error correction to the emulator. positions of the vector representing the qubit.

.Quantu_m gate_s, desprllbed by matrices of complex numbe($, Quantum Gates
bring additional imprecision to the system. The error model 0 i ) ) ]
a quantum gate is depicted in Figure 3. He¥és the error in A quantum gate is the analogue of a I_oglc gate ina classical
the input that is propagated and augmented with errahe cwcm_t model. Feyv gates that are usefl_JI in developing qugntum
discretization error of the matrix coefficients representing tifigorithms are given next, together with the error magnitudes

given gate. obtained in their modeling by c!assical circuits. .
Quantum systems are reversible by nature. Information can
c travel freely in both directions: from inputs to outputs and vice
l versa. Thus, each gate must have the same number of inputs
a, 2 b a and the outputs. The single input gates are defined bk &
[ﬂin}5—> L d} — {ﬁm} matrix with complex entries.

1) Walsh-Hadamard GateThe Walsh-Hadamard gaté (
gate) facilitates the superposition of pure quantum states.
Fig. 3. Quantum gate error model 1 1 1

i=plh o]

The error model can be expanded as in Figure 4. Then, the ) ] ]
multiple sources of an error are added linearly. This model i [¥) = [0) + 1) is the input qubit to the Hadamard gate,
used to evaluate the error at each gate in the network.  then the transformed state is:

Hw»=§;m+ﬂw»+m—ﬁm»

=[;‘} The new statdd |¢)) is a superposition of the computational
5 o basis states. This gate is also referred to as the square root of
Actual Value Input Error cate Computation the identity, sincef{? = I, and thereforel | H|¢) = |¢).
Imprecision Error | . . . .y
Error The implementation of thél gate requires four multiplica-
tions and four additions, as bothand 3 are complex. Since
Fig. 4. Expanded gate error model th.e coefficient; Qf the Hadamgrd gate cannot be_ represented
without imprecision, the gate incurs a discretization error on
both thea and 5 values of the output qubit.
a,f3) Absolute 2) Phase Shift GateThe operation of the phase shift gate

Error ¢ on the single qubit is defined in the following way:
a+a, f+p.) 0) = [0) and [1) — e®[1)

Quantum Gate

e ) o ]+ [

ca;, +df, c+d A + B 2e6

The definition of a phase shift gate is given by matiy

as: 1 0
w-[b L]

The phase-shift gate requires multiplication of two complex
entities:e’® and 3. This means that 4 multiplications and two
additions have to be performed in this gate. Due to the finite
representation o#’®, a discretization error is incurred on the
0 value of the qubit at the output.

3) X-Gate: The X-gate is a single-qubit gate that performs
the quantum equivalent of a NOT operation on the qubit. The
guantum NOT operation simply swaps theand 3 values of
a qubit:

Fig. 5. Discretization error in a qubit

The absolute erroE is thus,

01
E = /o + 32 ® X:[lo}

wherea, and . are described in Figure 4. These error values For the vector|)) = «|0) + §|1), this transformation
effect the probability of the qubit to be iA) or |1) state when amounts to producing
the qubit is subjected to a quantum measurement.

The qubit can be considered as a three dimensional unit X[y} = B0} + of1)
vector in Figure 5 - while two dimensions are needed dor The gate does not incur any error to the algorithm as the
and g3, the third dimension is attributed to the use of compleemulation of the gate involves swapping the bits cofand
numbers. The representation error in the qubit is then given



4) Controlled NOT Gate:Controlled NOT, or CNOT gate the script produces the VHDL description of the resulting
accepts two quantum bits: a control qubif) and a target transformation, rather than a large matrix form. The outlined
qubit, |¢)), and produces the outputsy) and|(n @ v)) where procedure hence automates the construction of arbitrary size
@ is the XOR operation. guantum gates. To construct network of quantum gates, we

Its transform matrix in input ordem) and |v) is:

1 0 0 O Qubit 1 Quantum Quantum
0 1 0 0 Gate Gate SIS
NC = Quantum Quantum
0 0 0 1 o State o State
00 1 0 O Register O Register
. . . . QubitN Quantum Quantum [eXe)
In simple terms, ifln) = |0), then |¢) is inverted, hence Gate Gate

the name CNOT. This operation is well-defined for any linear cic
superposition of states, unlike binary NOT gates which only
convert O to 1, and vice-versa. Fig. 6. Emulated quantum circuit overview
5) Z-Gate: TheZ-gate is a single-qubit gate that inverts the
phase of the qubit in) basis. insert intermediate registers to hold the qubit values after
1 0 each gate. These quantum state registers (QSRs) essentially
Z = { 0 —1 } represent the state of the entire quantum system at any given
stage of evolution. Since the QSRs are clocked they can
synchronize the data flow in the system, which is important
Zlp) = af0) = BI1) for large circuits.

The Z-gate does not introduce any error as it simply flips

That is,

the sign bits for the complex beta value. Quantum Quantum
The data in Table | was obtained by computing the absolute Register Register
error in the output of each gate using 16-bit mantissa length 00> real 00> real
for gate coefficients and the inputs. The input to each gate °°;l>°°r”e‘:ex Quantum 00;:"22:”
was chosen to bp)) = —[0) + 5|1). From experiment it ineatangied QUART o compiex o complex
was found that the error is maximum when the qubitis ina _ Gate 05 real 105 real
superposition state. For multi-qubit gates like the CNOT gate,ngﬂg':,;ed grelltisnlgli 10> complex| | ouantum | | 10> complex °*
the error varies depending on the entangled or unentangled ment 11> real QGate T 11> real
nature of the output of the gates. 11> complex 11> complex

TABLE |

Fig. 7.
ABSOLUTE ERROR ONQUBIT IN STATE |¢) = 1/+/2|0) + 1/+/2|1)

Emulation of quantum evolution of an entangled system

Gate

Absolute Error
(16-bit mantissa)

Hadamard Gate

Phase-Shift Gate
X-Gate
Z-Gate

3.05 x 10~°
3.08 x 10~°
0
0

D. Emulation of Quantum Gates
A library of common quantum gates has been developed

comprising of most of the simple quantum gates (Hadamard

E. Emulation of Entanglement

A gate resulting irentanglementequires considerably more
resources than a gate where no entanglement occurs. This is
the reason why efficient simulation of quantum computation is
difficult on classical computing devices. Consider a two-input
C-NOT gate and a situation where the controlled qubit is in
superposition. In such a case the gate operation is described
as follows

"l/)control> - a1|0> + ﬁ1‘1>

gate, CNOT gate X -gate, Z-gate, phase-shift gate) that are

commonly used. The gates are realized by mapping their

|wtarget> - O[2|0> + ﬂ2|1>

transformation to VHDL code. Therefore, gates with simple out) = a12]00) + a1 B]01) + B132|10) + Bras|11)

transformations like theX-gate andZ-gate require less re-

sources than the other gates.
We then decided to use the code-generating capability inflividually. For the case of two qubit&);) and |ys), if

the VHDL language to automatically produce descriptiorthey are unentangeled we can represent them as two distince

of multiple input quantum gates from single-input gates. lqubits|«;)|¢2). However, once entangled the qubits can only

general, av-input gate is represented bya by 2™ matrix. For

In an entangled state, the qubits cannot be represented

be represented if)112) form.

controlled gates, the number of control variables is passed as ahe C-NOT gate requires 4 complex multiplications in this
parameter to the code generating script. For efficiency reasorese. For am input C-NOT gate, the number of complex



multiplications is2™. This exponential increase becomes krge quantum circuits is also evident as by combining multiple
serious issue with entangled systems. FPGAs have a lakeGAs we have a possibility of emulating the functionality
amount of logic cells (and multiple FPGAs can be combinethd other pertinent quantum effects (like quantum error-
for even bigger circuits) and therefore large quantum circuit®rrection) of more complex quantum circuits.

with entangled states can be emulated. While efforts are

made to overcome this overhead in the resource usage when TABLE Il

simulating the evolution of an entangled system [10], we GATE LoGIC CELL USAGE ONALTERA STRATIX EP1S80B956C6

note that the entanglement poses a fundamental bottleneck in

deli t t b | ical Gate LC Usage LC Usage
modeling quantum systems by classical means. (8-bit mantissa)| (16-bit mantissa)
Hadamard Gate 704 1284
SOFﬁfgv';‘re Phase-Shift Gate 386 708
C-Not Gate 40 231
X-Gate 0 0
Z-Gate 0 0
State
Detection #
Probabilities Quantum
measurement :>D Sttat;e g
'Qrﬁ’]‘fj‘,gf;z‘ simulator etecte: Qubitn H : R, % R,
— .
quantum
circuit
" [ )
. . o . Quotnt H e RLH R,
Fig. 8. Emulation of probabilistic quantum computing °
'YX ) [ N N ]
Qubit 2 eee H
. I R, ——
F. Emulation of Quantum Measurements and Probabilistic :
Computin
p g L Qubit 1 H
Quantum measurements and the probabilistic nature of
guantum algorithms are currently supported directly by a
combination of hardware and software means. Due to the Fig. 9. A N-qubit QFT Circuit

complexity of quantum measurement algorithms (which are
being investigated and developed in parallel), software simy- Quantum Fourier Transform
lation of quantum measurements is currently employed [1].
We however foresee the possibility of emulating quantum The quantum Fourier transform (QFT) [2], [5], [6] is an
measurements in hardware once the measurement algoritifigortant quantum algorithm as it plays a key role in phase
become developed and stable. To perform the measuremerftgiimation, order-finding and factoring algorithms Mqubit
hardware, it suffices that the probabilities for detecting ea& T circuit is depicted in Figure 9. The QFT algorithm
state are pre-computed in software and stored in hardwzR€hieves exponential speedup compared even to FFT, which

The probabilities can then be used as weights to emulate fieitself is one of the most important nontrivial algorithms.

random state detection in hardware. The entire QFT circuit is constructed from one or two input
guantum gates. The QFT comprises of Hadamard and the
IV. QUANTUM CIRCUIT CASE STUDIES controlled?; gates. TheR; transform is defined as follows
A. Emulator Mapping Results ) 0
The techniques presented in this paper offer the means for R; = { 0 e2mi/Y }

guantum circuit emulations in FPGAs by including quantum
gate library and entanglement components, like most quan-The R; gate is similar to the phase-shift gate so the
tum software simulators [11]. No changes to standard FPGAntrolled®; is implemented using controlled phase-shift
mapping and the overall design flow are required. gates. We implemented a 3-qubit QFT circuit using our library.
Table Il depicts the logic cell usage for the quantum gates )
in the library and that of the quantum circuits described abovle: Grover's Search Algorithm
The device chosen were Altera Stratix EP1S80B956C6. TheThe Grover's search algorithm [5], [6], [9] is yet another
simulation tool used is ModelSim and Leonardo Spectrum walsistration of quantum algorithms significantly outperforming
used to obtain synthesis results. Sin¢andZ gates perform classical algorithms. The algorithm performs searches in is
a swap and a bit flip respectively, they consume negligib@(v/N) time, rather than classically possib@(N), for a
resources. database withiV entries. The Grover’s search algorithm circuit
As the number of qubits increases, the circuit size groviisr 4 element data base is depicted in Figure 10. The oracle
exponentially due to entanglement effects. However, from tigate is itself a “black box” quantum circuit that queries the
emulation results we can observe that fairly large circuits caatabase for the search key. The oracle gate can be constructed
be constructed. The potential of this emulation technique fosing the quantum gates provided in the library. In this circuit,



entanglement can occur depending on the query result from V. CONCLUSIONS ANDFUTURE WORK

using our library. a quantum circuit emulator based on FPGAs and developed
A a platform for the development of quantum circuits. The
Q“ emulator allows the construction of fairly complex quantum
Qubit 2 Oracl . . . .

{ G’if: same time, it emulates the parallelism present in quantum
computers by constructing parallel evolution paths for each
guantum bit on the FPGA. We show that FPGA emulations are

Fig. 10.  Grover's search algorithm for a 4 element database gy g|ution of the quantum system in software. The emulator

) ) _ ) ) is also scalable and has the potential of emulating complex
Emulation data for the algorithms is provided in Table Il 2 nyym circuits. This emulator can also incorporate further
EP1S80BY56C6 chip using 16-bit mantissas. fault-tolerant quantum computing and quantum measurement
TABLE Il techniques. These would be especially helpful in developing

practical systems for quantum computers.

circuits from the component library in a simple way. At the

- advantageous, as it is difficult to efficiently emulate the parallel
Both of the algorithms were synthesized on the Altera Strat&hantum computing concepts like quantum error-correction,
Other uses of the quantum emulator can be for the anal-

QUANTUM CIRCUIT PERFORMANCE

Circuit LC Usage Clock Speed|  YSiS, optimization and approximation of quantum Fourier

(16-bit mantissa) transforms, which are critical for most spectacular quantum

3-qubit Quantum Fourier Transform 5076 82.1 MHz algorithms. We plan to further explore the development of
Grover's Search 12636 821 MHz | guantum/reversible gate libraries and specialized architectures

for emulation of quantum algorithms [8] and [15].
D. Comparison to software simulation Finally, we plan to undertake a study and optimization of

The hard lati ¢ i ircuits h ianifi %Jantum measurement algorithms using this emulator, which
€ hardware emuiation of quantum circuits has signitica currently not practical by software simulations.

advantages over software simulators. First, the evolution of
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